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MAXIMAL INEQUALITY OF STOCHASTIC CONVOLUTION DRIVEN BY 
COMPENSATED POISSON RANDOM MEASURES IN BANACH SPACES 

ZDZISLAW BRZEZNIAK*, ERIKA HAUSENBLAS* AND JIAHUI ZHUt 



Abstract. Assume that E is an M-type p Banach space with q-th, q> p, power of the norm is 
of C'^-class. We consider the stochastic convolution 



u{t)= I f S(t- s)^{s,z)N{ds,dz), 
Jo J z 



o 

' where 5 is a Co-semigroup of contractions on E and A'^ is a compensated Poisson random measure. 

^^ We derive a maximal inequality for a cadlag modification w of « 

E sup |n(s)||,' <Ce( f f |5(s,z)|^Af(ds,dz)) " , 
0<s<t \Jo Jz J 

for every < g' < oo and some constant C > 0. Stochastic convolution and M-type p Banach 
space and Poisson random measure 



1. Introduction 



Oh 

,S^ • The maximal inequality for stochastic convolutions of a contraction Co-semigroup and right con- 

Cd ■ tinuous martingales in Hilbert spaces was studied by Ichikawa [S], see also Tubaro [13 , for more 

details see [12] )• A submartingale type inequality for the stochastic convolutions of a contraction 
Co-semigroup and square integrable martingales, also in Hilbert spaces, were obtained by Kotelenez 
^ ■ [To] . Kotelenez also proved the existence of a cadlag version of the stochastic convolution processes 

^^ ■ for square integrable cadlag martingales. In the paper by Brzezniak and Peszat [1], the authors 

\^ ■ established a maximal inequality in a certain class of Banach spaces for stochastic convolution pro- 

cesses driven by a Wiener process. It is of interest to know whether the maximal inequality holds 
^—v I also for pure jump type processes. Here we extend the results from [1] to the case where the stochas- 

^^ ■ tic convolution is driven by a compensated Poisson random measure. We work in the framework of 

stochastic integrals and convolutions driven by a compensated Poisson random measures recently 
introduced by the first two named authours in [3]. 

Let us now briefly present the content of the paper. In the first section, i.e. section [5] we 
set up notation and terminology and then summarize without proofs some of the standard facts 
on stochastic integrals with values in martingale type p, p £ (1:2], Banach spaces, driven by 
compensated Poisson random measures. In the following section [31 we proceed with the study of 
stochastic convolution process (w(t))o<i<T driven by a compensated Poisson random measure N 
which is defined by the following formula 

(1.1) u{t)^ j I S{t~s)^{s,z)N{ds,dz), te[0,T], 

Jq Jz 
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where S(t), t > is a contraction Co-semigroup on a martingale type p, p ^ (1, 2], Banach space E. 
In particular, we show that there exists a predictable version of this stochastic convolution process 
u. Under some suitable assumptions we show that the process w is a unique strong solution to the 
following stochastic evolution equation 



du{t) = Au{t)dt + I ^{t,z)N(dt,dz), ie[0,T], 
(1-2) Jz 

u(0) = 0, 

where A is the infinitesimal generator of the contraction Cq- semigroup S{t), t > Q. In the last 
section|3]we present our main results. In particular, the maximal inequalities are stated and proved 
when the g-th power, for some q, of some equivalent norm on E is of C^ class. We first show these 
inequalities for the exponent q' > q. Then we adapt some ideas from the paper of Ichikawa [S], see 
the proof of Theorem 1, and extend the maximal inequalities to the case of any q' in (0, oo). Thus, 
roughly speaking, we show that the process u has an S- valued cadlag modification u which satisfies 
the following maximal inequality, see Theorems 14.41 and 14.51 

(1.3) E sup \u{s)\i <Ce( f f |e(s, z)\^EN{ds, dz)] \ t e [0,T]. 

0<s<t \Jo Jz J 

In the last part of section S] we formulate and prove a different version of the maximal inequality. 

2. Stochastic integral 

Let (ri,J^, F = (J^t)t>o,IP) be a filtered probability space satisfying the usual hypothesis. Let 
(5", S) be a measurable space. Let N = {0, 1, 2, • • • } and N = NU {oo}. Let Mfj(S') denote the space 
of all N- valued measures on (S", S). Let ;B(Mj^(S')) be the smallest cr-field on Mp^(S') with respect to 
which all the mapping ib ■ M.f^{S) 9 /i ^ fJ-{B) E N, B E S are measurable. 

Definition 2.1. A Poisson random measure on {S,S) over (fi, J^, F,P) is a map N such that the 
family {N{B) : B E S} of random variables defined by N{B) := is o N : Q ^ N satisfies the 
following conditions 

(1) for any B E S, N(B) is a random variable with Poisson distribution, i.e. 

P(7V(B)=n) = e-"(^)-^^^, n = 0,l,2,--- , 

withr]{B) =E(7V(S)). 

(2) (independently scattered property) for any pairwise disjoint sets Bi,--- , i?„ E S, the random 
variables 

iV(Si), ••• , 7V(B„) 
are independent. 

Let (Z, Z) be a measurable space. A point function on (Z, Z) is a mapping a : Via) C (0, cxd) — > 
Z, where the domain I?(a) is a countable subset of (0, cxd). Let 11^ be the set of all point functions 
on Z. Let Q be the cr-field on 11^ generated by all mappings a H> jj{s E {0,t] n I'(a) : a{s) E A}, 
AEZ,t>0. 
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Definition 2.2. We call a function tt : — ^ !!„ a point process on Z if it is J- / Q-measurable. A 
point process -k is said to be stationary if for every t > 0, n and 9tTT have the same probability law, 
where (0t7r)(s) — 7r(s + t), T){9tTT) ~ {s E (0, oo) : s + t G I?(7r)}. For each point process n, we define 
a counting measure N-^ by 

N^{t, A) ■- tt{s e (0, t] n V{n) : tt{s) G A}, AeZ, t>0. 

A point process tt is called a Poisson point process if the counting measure N-^ is a Poisson random 
measure. Moreover, a Poisson point process is a -finite if there exists a sequence {Dn\nen C Z of 
increasing sets such that U„D„ — Z and KN^^it, D„) < cxd for all < t < T and n E N. A Poisson 
point process is stationary if and only if there exists a nonnegative a-finite measure on {Z, Z) such 
that 

¥.N^{t,A)^tv{A), t>0, AeZ. 

From now on, we suppose that tt is a cr-finitc stationary Poisson point process. For simplicity 
of notation, we write N instead of N^. We employ the notation N{t,A) = N{t,A) — ti'{A), i > 0, 
A E Z to denote the compensated Poisson random measure associated with the Poisson point 
process tt. Let _E be a real separable Banach space of martingale type p, 1 < p < 2. That is 
there is a constant Kp{E) > such that for all i<^- valued discrete martingale {M„}^^q the following 
inequality holds 

N 

aupE\Mn\P < Kp{E)J2nMn ~ Mn-i\P 

n=0 

where we set M_i = as usual. Note that all L"? spaces, q > p > 1 are of martingale type p. 

Definition 2.3. Let us fix < T < cxd. Let V denote the a-field on [0,T] x fl generated by all 
left- continuous and Tt-adapted processes. 

Let V denote the a-field on [0, T] x 17 x Z generated all functions (7 : [0, T] x 17 x Z — ?> _E satisfying 
the following properties 

(1) for every < t < T, the mapping (lu, z) i—> g{t,LU, z) is Z ® J-t/B{E) -measurable, 

(2) for every {uj,z), the path t h- > g(t,LU,z) is left- continuous. 

We say that an E-valued process g ~ ig{t))o<t<T is predictable if the mapping [0, T] x fl 3 (t, to) H> 

g{t,Lj) E E is V/B{E) -measurable. 

We say that a function f : [0, T] x 17 x Z — > _E is ¥ -predictable if the mapping is V/B{E) -measurable. 

Proposition 2.4. V ^ V ® Z . Furthermore they are both equal to the a-field generated by a family 
TZ defined by 

7^ = {{0} xF xB,F eFa,B e Z]\j{{s,t\ xFxB,FeTs,BeZ,0<s<t<T}. 

Moreover, the family R is a semiring. 
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Let A^P([0,T] X il X Z,P,X X P X VjE) denote the linear space of all F-predictable functions 
f ■.[0,T]xnx Z ^ E such that 



E\f{t,z)fj^iy{dz)dt < cx). 



/O JZ 

In this section, we shall define for all functions / in the class A^p([0, T] x fl x ZjV , X x ¥ x v; E) 
the integral 

/ f f{t,z)N{dt,dz), 

JQ Jz 

which we shall call the stochastic integral with respect to a compensated Poisson random measure. 

Definition 2.5. A function / : [0,T] x 51 x Z — ;■ _B is a step function if there is a finite sequence 
of numbers — to < ti < ■ ■ ■ < tn — T and disjoint sets A'^_-^^, j — l,---,n, k — l,---,m, in Z 
with v{A^_^) < CX3 such that 

n m 

(2.1) f{t,^,z) = Y.T.^Ui^^kt.-i^t,]mA^j^), 

3 = 1 k=l 

where ^?_i is an E -valued p-integrable J- 1-_^ -measurable random variable, j = I,--- ,n and k = 
1, • • • ,771. The class of all such step functions belonging to A^p([0, T] x Q x Z,V, X xV x v; E) will 
be denoted by M^,t^p{[0, T]xnx Z;E). 

Notice that a function of the form l{o}(t)^(i, w) with ^ G Mp{[0,T] xVlx Z,V® Z^XxP xv-E) 
is equivalent to the identically zero process with respect to the measure A x P x z/, so it has zero 
stochastic integral. Therefore, the inclusion or exclusion of the origin in the definition of step 
function is irrelevant. 

Definition 2.6. The stochastic integral of a step function f in A^ste„([0, T]x^x Z]E) of the form 
(|2.ip with respect to N is defined by, for < t < T, 

n m 

W) := E E C'-i(^)^(fe-i A t, t, A t] x A)_,). 
j=i fe=i 

Note that, for every / e A4^f.^p{[0,T] x 51 x Z;E), It{f) does not depend on the representation 
(|2.ip of the step function / and the process It{f), < t < T is a cadlag martingale with mean 0. 
Moreover, It{f) is linear with respect to / and satisfies the following inequality 

(2.2) IE|/*(/)|^ <CE [ [ \f{s,z%,.{dz)ds, 

jQ Jz 

where C, which is independent of the function /, is the same constant as the one in the martingale 
type p property of the space E. Let us now extend the definition of stochastic integral to all 
functions / in Mp{[0,T] x fl x Z,P, X x F x i^;E). Take / e Mp{[0,T] x fl x Z,P, X xP x i^;E). 
Then we can show that there exists a sequence /" € -M^tepii^^ T] x U x Z; E) such that 

/ \\f{t,u},z) ~ f"-{t,uj,z)\\P^i^{dz)dt ^ 0, as n -^ cxD. 
Js 
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It follows from ((^ that 

E|/t(/")-/t(/™)||<CE / / \ris,z)-ris,z)\P,uidz)ds^O, 

Jo Jz 

as n,m — i> oo. In other words, {-?^r(/")}5^i is a Cauchy sequence in LP{^,E,Ft)- Thus the 
sequence {/t(/")}5^i of random variables will converge in i^(r2, E, Tt) to some particular random 
variable which we shall denote by lT{f)- Moreover, such random variable is uniquely determined 
up to a set of measure zero in the variable w. That is, it does not depend on the choice of the 
approximating step functions. We usually call It if) the stochastic integral of / with respect to a 
compensated Poisson random measure N. For 0<a<b<T,BEZ and / £ A4p{[0,T] x ft x 
Z,P,A X P X :^;E), since l(a,6]ls/ is also in X^([0,T] x fl x Z^V, X xF x :^; E), so we can define 
the stochastic integral from a to 6 of the function / G M^dO, T] x fl x Z ,V , \ x P x ly; E) hy 

IaAf)= I I f{t,z)N{dt,dz)^lT{\,^l,]lBf). 



For simplicity, we denote 



It{I)= I f f{t,z)N{dt,dz)^lT{l(o.t]f)- 



The following result was first proven in the case p = 2 in an important work '14' by Riidiger. 

Theorem 2.7. (^) Let f G Mp{[0,T] x n x Z,P,\ x P x i^; E). Then It{f), < t < T is a 
cadlag p-integrable martingale with mean 0. More precisely, It{f) has a modification which has 
P-a.s. cadlag trajectories. Moreover, it satisfies the following 



(2.3) E|/,(/)l^=E 



f{s,z)N{ds,dz) 



<CE I \f{t,z%v{dz)ds. 

E Jo 



From now on, while considering the stochastic process ^^ J^ f{s, z)N{ds,dz), < i < T, / G 
A^P([0,r] X ^ X Z,V,X X P X v;E), it wih be assumed that the process J^ J^ f{s,z)N{ds,dz), 
< t < T, has P-a.s. cadlag trajectories. 

3. Stochastic convolution 

Let {S{t))t>o be a contraction Co-semigroup on E. Suppose that A is the infinitesimal generator 
of the Co-semigroup {S{t))t>o- If {^a : A > 0} is the Yosida approximation of A, then for each 
A, A\ is a bounded operator in E and \A\x — Ax\e converges to as A — >■ cxd for all a; G -E, and 
uniformly convergence on bounded intervals. Let -R(A, A) ~ {XI — A)^^. By the use of Hille- Yosida 
Theorem (see [TI]), it is easy to establish that limA_j.oc Ai?(A,yl)a; = x and XR{X,A)x G I^{A), for 
all X e X. 

Let ^ G MP{[0, T] X U X Z,V,X xP X v; E). We are going to consider the following stochastic 
convolution process 

(3.1) u{t)^ ( f S{t~s)^{s,z)N{ds,dz), 0<t<T, 



Jo Jz 
where iV is a compensated Poisson random measure of the point process tt — (7r(i))t>o. 
We will first investigate the measur ability of the process u. 
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Lemma 3.1. The process u{t), < t < T given by (j3.ip has a predictable version. 



Proof. Let t G [0,T] be fixed. We first show that a process X defined by X{s) = l(o,t](s)5'(t — 
s)^{s, z), < s < T is predictable. Define a function F : [0,t] x E 3 {s,x) n> S{t — s)x G E. Since 
S{t), i > is a Co-semigroup, so for every x £ E, F{-,x) is continuous on [0,t]. Also, for every 
s >0, F{s, •) is continuous. Indeed, let us fix xq G E. Then for every x £ E, and < i < T, 

\F{t,x) - F{t,XQ)\E = \S{t- s){x ~xa)\E < \x -xo\e, 

as ||<S'(t)||£(£;) < 1. This part shows that the function F is separably continuous. Since by assump- 
tion the process ^ is F-predictable, one can see that the mapping 

{s,uj,z) h-^ {s,^{s,uj,z)) 

of [0,T] X n X Z into [0,T] x _E is F-predictable. Moreover, since the process l{o.t] is F-predictable 
and we showed that the function F is separably continuous, so the composition mapping 

{s,uj,z) ^ (s,^(s,cj,z)) ^ F{s,^{s,uj,z)) t-^ l(o,t](s)-F(s,^(s,w,z)) 

is F-prcdictable as well. Therefore, process X{s) — l(o,t](s)-F'(s,^(s, z)), s £ [0,T] is F-predictable. 
On the other hand, since S{t), i > is a Co-semigroup of contractions and ^ is in A4p{[0,T] x ft x 
Z,r,XxPx :^;E),we have 

E / \l(o,t]S{t - s)^{s, z)\P,i^{dz) ds<E |^(s, z)fj^v{dz) ds < oo. 











Therefore, the process l(o,t]5'(i — s)^{s,z) is of class 7W([0,T] x fl x Z,T,X x P x v^E). Hence, 
when the number t is fixed, the integrals 



l(^^t]S(t-s)i{s,z)N{ds,dz), r£[Q,T] 



JZ 



are well defined and by Theorem 12. 71 this process is a martingale. In particular, for each r G [0,r], 
the integral /„ J^ l(o.t]'5'(i ^ s)^{s, z)N{ds,dz) is Jv-measurable. Take r — t. This gives that 
/o Iz ^io.t]S{t — s)^{s, z)N{ds, dz) is J't-measurable. 

Now we show that the process u is continuous in p-mean. Observe that from the inequality 
\a + h\'P < 2P\a\P + 2P\b\P, inequality (12. 3p and the contraction property of the semigroup 5 (t), t > 0, 
we have, for < r < t < T, 



E|u(t)-u(r)|| =E 



<2n 



JZ 

t 



S{t-s)C{s,z)N{ds,dz) 



S{t-s)^{s,z)N{ds,dz) 



S{r-s)C{s,z)N{ds,dz) 



Jz 



r JZ 



-2PE 



JZ 



S{t - s) - S{r - s) ^(s, z)N{ds, dz) 
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< 2PCpE I I \S{t - s)S,{s, z)\Pj^v{dz) ds 

+ 2PCpE I I I (S{t -s)-S{r- s) V(s, z) |^J/(dz) ds 
<2PCpE [ j \^{s,z)\Pj^v{dz)ds 



z 



2PCjM I I I {S{t - s) - S{r - s) V(s, z)\P^v{dz) ds 



Jo J z 

+ 2PCpE f I \l(o,r]{s{t- s) ~ S{r - s)^i{s,z)\Pj^v{dz)ds. 

Here we note that 1(^4] (s) |^(s, z) |^ converges to for all (s, w, z) £ [0, T] x J7 x Z, as i J, r or r 1 1. 
So by the Lebesgue Dominated converges theorem, the first term on the right hand side of above 
inequality converges to as i 4- ^ oi" '' t ^- For the second term, by the continuity of Co-semigroup 
S{t), i > 0, the integrand l(o.r] ( S{t — s) — S{r — s) J^(s, z) converges to pointwise on [0, T] x il x Z. 
Moreover we find that 

|l(o,r]5'(i - s) - S{r - s)j^(s, z)\e < |C(s, z)\e 

So, again by the Lebesgue Dominated Convergence Theorem, the second term also converges to 
as t ^ r OT r ^ t. Therefore, the process u is continuous in the p-mean. Since by Proposition 3.6 
in [5], every adapted and stochastically continuous process on an interval [0,T] has a predictable 
version on [0,T], we conclude that the process u{t), <t <T has a predictable version. 

D 

Assume that A is the infinitesimal generator of a Co-semigroup S{t), i > of contractions on 
the Banach space E and that ^ is a function belonging to A^^([0, T] x fl x Z,V,\ xP x iy;E). 
Consider the problem (11.21) which for the convenience of the reader we write aagin below. 



du{t) = Au{t)dt + I C{t,z)N{dt,dz) 

(3.2) Jz 

w(0) = 0, 

Definition 3.2. Suppose that ML J„ \^{s, z)\^i'{dz)dt < oo. A strong solution to Problem (|1.2p is 
a 'D{A)-valued predictable stochastic process {u(t))o<ct<T such that 

(1) u(0) = a.s. 

(2) For any t G [0,T] the equality 

(3.3) u(i) = / Au{s)ds+ / / ^{s,z)N{ds,dz) 

Jo Jo Jz 

holds P-a.s.. 
Lemma 3.3. Let ^ £ Mp{[0,T] xVlx Z,'P,Xx¥x i^;V{A)). Then the process u defined by 

(3.4) u{t)^ I f S{t~s)£_{s,z)N{ds,dz), tG[0,T], 

Jo Jz 



is a unique strong solution of equation (jl.2p . 
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Proof. Let us us fix t G [0,r]. First we need to show that u{t) e ^{A). For this, Let R{X,A) = 
(A/ - Ay^, A > 0, be the resolvent of A. Since AR{X,A) = XR{X,A) - Ie, AR{X,A) is bounded. 
Hence, since ^ G Mp{[0, T] x n x Z,V,X xF x ly; V{A)), we obtain 

R{X,A) f f AS{t^s)S,{s,z)N{ds,dz)^ f f R{X,A)ASit - s)^{s,z)N{ds,dz) 



JZ 



Jo JZ 

XR{X,A) I I S{t-s)^{s,z)N{ds,dz) 
Jo JZ 

f S{t-s)^{s,z)N{ds,dz). 

/O JZ 



Thus, it follows that 
ft 

S{t-^s)^(s,z)N{ds,dz) 



Jz 



R{X,A) 



A/ j S{t-s)^{s,z)N{ds,dz)~ I I AS{t~s)^{s,z)N{ds,dz) 

JZ JQ JZ 



Since Rng{R{X,A)) = V{A), we infer that f^ JzS{t - s)£,{s, z)N{ds,dz) e V{A). On the other 

observe that f 
S{h)-I '•* 



hand, let us take h G (0, t) and observe that since -^ — is bounded, we get the following equality 



S{t-s)({s,z)N{ds,dz) 



Jz 



S{h)~I 



/o Jz h 
So by applying the triangle inequality and inequality 



S{t-s)£,{s,z)N{ds,dz). 



E 



we find that 
p 



A I f S{t-s)£,{s,z)N{ds,dz)- f f AS{t~s)^{s,z)N{ds,dz) 
Jz Jo Jz 

<2PE A I f Sit ~ s)^{s, z)Nids, dz) ~ ^^^] ~ ^ / 

Jz " ^0 Jz 

t n nt 



< 2^E 



2PE 



A- 



C„E 



AS{t-s)^{s,z)N{ds,dz) 
Jz 

s{h)-r 



S{t-s)^{s,z)N{ds,dz) 
S{h)~I 



Jz h 
p 



-S{t~s)£,{s,z)N{ds,dz) 



S{t~s)i{s,z)N{ds,dz) 



JZ 



Jz 



AS{t - s)as, z)-^ (^S{h) - /) S{t - s)as, z) 



i>{dz) ds 



(3.5) 

:=I(/i)+II(/i). 

For the integrand of I(ft,), since ^(s,z) G D( A), we observe that ''^^'^"^ S(t~s)^{s, z) = j^ J^^ S{r)AS{t~ 
s)^{s, z)dr, so we have ^ i~ S{t — s)S,{s^ z) < |A^(s, z)\p^. Hence we infer that the integrand 

E 

P 



ASit - .s)as, z)-^ (^S{h) - /) Sit - s)C(s, z) 



ofl{h) is bounded by a function Ci|A^(s,z)|| which is in Mp{[0,T] x n x Z,r,X x P x iy;E) hy 
assumption. Since A is the infinitesimal generator of the Co-semigroup S{t), i > 0, the integrand 



AS{t - s)as, z)-^ (^Sih) - /) S{t - s)C(s, z) 
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converges to pointwisely on [0,t] x il x Z. Therefore, by the Lebesgue Dominated convergence 
theorem, the term ll{h) of above inequahty p.Sp converges to as /i J, 0. 

Since we have aheady shown that /„ J^ S{t — s)C(s, z)N{ds, dz) e T^{A), it is easy to see that the 
term l{h) of (13. 5p converges to as /i J, as weh. Hence by inequahty p.5|) we conclude that 

(3.6) AJ I S{t~s)£_{s,z)N{ds,dz)= I f AS{t - s)^{s,z)N{ds,dz), P-a.s. 

Jo Jz Jo Jz 

In order to verify equahty p.3p . by the Fubini's theorem and equahty p.6p we find that 

Au{s)ds^ I I I AS{s~r)£_{r,z)N{dr,dz)ds 
Jo Jo Jz 

I I AS{s-r)^{r,z)dsN{dr,dz) 

'' [ n-^^^^p^^dsNidr,dz) 
JzJr as 

[ iS{t-r)ar,z)-ar,z))N{dr,dz) 
Jz 

/ S{t-r)C{r,z)N{dr,dz)- / / ({r, z)N{dr,dz) 
Jz Jo Jz 

= u{t)- ({r,z)N{dr,dz), P-a.s. 

Jo Jz 

which shows equahty p.3p . 

For the uniqueness, suppose that u^ and u^ are two strong solutions of Problem (11.21) . Let 
w — u^ — u^. Then we infer that 

w{t) = u^{t) - u^{t) = f A{u\s) - u^{s))ds = a( w{s)ds. 
Jo Jo 

Put v{t) = Lw{s)ds. Then v{t) is continuously differentiable on [0,T] and v{t) e 1^{A). Now 

applying Ito's formula to the function /(s) = S{t — s)v{s) yields 



ds ds 

= -AS{t - s)v{s) + S{t - s)w{s) = -AS{t - s)v{s) + S{t - s)Av{s) = 0. 

So we infer v{t) = /(t) = /(O) = S{t)v{0) = a.s.. Therefore, w(s) = a.s.. That is u^{t) = u'^{t) 
a.s. t£ [0,T]. D 

4. Maximal inequalities for stochastic convolution 

Assumption 4.1. Suppose that E is a real separable Banach space of M -type p, 1 < p < 2. In 
addition we assume that the Banach space E satisfies the following condition: 

(Cond. 1) There exists an equivalent norm \ ■ \e on E and q G [p, oo) such that the function 
(j) : E 3 X i-^ |x||, G M, is of class C^ and there exists constant fci,A;2 such that for every x £ E, 
\4>'{x)\ < h\x\%-^ and \^"{x)\ < fcskir'. 

Remark 4.1. It can be proved that if E satisfies condition (Cond. 1) for some q and (72 > q, then 
E satisfies condition (Cond. 1) for 92- 
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Remark 4.2. Notice that the Sobolev space H^''^ withp G [2, oo) and s G K satisfies above condition 
Cond. 1 and U" -spaces with r > q also satisfies condition Cond. 1. 

Now we proceed with the study of the stochastic convolution 

(4.1) u[t)^ I I S{t-s)^{s,z)N{ds,dz), te[0,T]. 

Jo Jz 

Before proving the main theorem, we first need the following Lemmas. 

Lemma 4.2. For all x G D{A), (l)'{x){Ax) < 0. 

Proof. Take < r < t < oo. We have 

\S{t)x\% - \S{r)x\% = \S{t ~ r)S{r)x\% - \S{r)x\% 

<\S{t^r)\l^^^\Sir)x\l~\Sir)x\% 

< |S'(r)x||;-|5(r)a;||=0, for ah a; G ^. 

Thus the function t h^ (f){x){S{t)x) is decreasing. Also, observe that for x G D{A), 

d4){S{t)x) 



dt 



= 4>'{S{Q)x){Ax) = 4)'{x){Ax) 



Hence d)'{x){Ax) = M|(£M 



< which shows the Lemma. D 

t=o 



Lemma 4.3. The random variable suPq<(<.ji \u{t)\ is measurable. 

Proof. Since we have shown in Lemma |3. II the stochastically continuity of the process u, applying 
Theorem 5.3 in [17j . we can find a version u of w which is separable. That is there exists a countable 
subset Tq which is everywhere dense in [0, T] such that u{t) belongs to the set of partial limits 
lims6To,s-+t u{s) for all t G [0,r]\To. Hence 

sup \u{t)\ = sup lim \u{sn)\ = sup |m(s„)|, 

where sup^^gj^ |u(s„)| is measurable. Therefore, the random variable supj^rgj^i \u{t)\ is also mea- 
surable. D 

Henceforth, when we study the stochastic convolution process u, we refer to the version of u such 
that it is predictable and its supremum over [0,T] is measurable. 

Theorem 4.4. Suppose E is an M-type p Banach space satisfying Assumption \4. 1\ Then there 
exists a cddlag modification u of u and a constant C such that for every < t < T, 

(4.2) E sup \u{s)\'i <Ce( [ [ |^(s, z)\P,N{ds, dz)) ' , 

o<s<t \Ja Jz / 

where q' > q and q is the number from Assumption \4. 1\ 

From now on, A denotes the infinitesimal generator of the Co-semigroup {S{t))t>o of contractions. 

Proof Case I. First suppose that £, G Mp{[0,T] xnx Z,V,XxFx iy;V{A)). We wiU prove 

(4.3) E sup |m(s)||; < C E ( / [ \^{s,z)\'^N{ds,dz) 

0<s<t \Jo Jz / 
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We have shown in Leinnia l3.3l that the process u is a unique strong solution to the fohowing problem 



(4.4) 

Moreover, it can be written as 

(4.5) 



du{t) = Au{t)dt + I C{t,z)N{dt,dz), iG[0,T], 

Jz 
u(0) = 0. 



u{t)= / Au{s)ds+ / / ^{s,z)N{ds,dz), te [0,r]. 
Jo Jo Jz 

We shall note here that in view of the right continuity of the right hand side of (|4.5p , the cadlag 
property of the function u{t), < t <T follows immediately. Notice that the function (p : E 3 x ^^ 
ja:||; is of C^ class by assumption. Thus, one may apply the Ito formula [7] to the process u and 
get for te [0,T], 

(t){u{t))^ f (t)'{u{s)){Au{s))ds+ f f (t,'{u{s~)){£_{s,z))N{ds,dz) 
Jo Jo Jz 

ft 



(4.6) 



JZ 



(u(s-)+^(s,z))-0(m(s-) -<?!)'(u(s-))(^(s,z)) N{ds,dz) P-a.s., 



Since by Lemma ip'{x){Ax) < 0, for all x G D{A), we infer that for t G [0, T], 

<p{u{t))< f f (t>'{u{s-mis,z))N{ds,dz) 
Jo Jz 



(4.7) 



Jz 



(u(s-)+C(s,z))-0(m(s-)) -0'(u(s-))(C(s,z)) N{ds,dz) P-a.s. 



Taking the supremum over the set [0,t] and then the expectation to both sides of above inequality 
yields 

E sup (J3{u{s))<¥. sup / / (j)'{u(r)){^{r,z))N{dr,dz) 

0<s<t 0<s<tJo Jz 

+ E sup / [ \(f>{u{r-)+£_{r,z))-(l){u{r-))-(j)'{u{r-)){^{r,z))\N{dr,dz) 

0<s<tJo J Z '- -' 

=:h{t)+l2{t). 
Applying the Davis inequality and the Jensen inequality to Ji we obtain for some constant C that 



E sup Ii{s)<CE[ / / \(l)'{u{s-)){C{s,z))\PN{ds,dz) 
o<s<t \Jq Jz 



<kiCE sup |u(s)|'^"M / / \£,{s,z)\PN{ds,dz) 

0<s<t \Jo Jz 

Firstly we are going to estimate the integral l2{t)- Note that for every s G [0,t], 
{u{r) + e(r, z)) - (f>{u{r)) - (f>'{u{r-)){^{r, z)) N{dr, dz) 



Jz 



E 

re(0,s]nr>(7r) 



{u{r-) + e(r, ii{r))) ~ 4>{u{r~)) ~ 4>' {u{r~)){^{r, iT{r))) 



-a.s.. 



Let us recall that by the assumption the function </> is of C^ class. Applying the mean value Theorem, 
see [S], to the function </>, for each r G [0, s] we can find < < 1 such that 



(u(r-)+e(r,7r(r)))-<^(u(r-)) =\i{rMr))\E (^'{uir^) + d^{r,ii{r))) 

E 



C{E) 
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By the assumptions |0'(a;)| < fci|a;||n , x Cz E and the fact that \x + 9y\E < niax{|a;|E, \x + y\E} for 
ah X, y e -E, we obtain 



</)'(M(r-) + e^{r, 7r(r))) < h\u{r-) + 9^{r, 7r(s)) 



q-l 



C(E 



9-1' 



< fcniax{|u(r-)|| , |u(r-) + ^(r, 7r(r))|^ }. 



Observe that for all < r < s < i, 



\u{r-)\% ^ < sup |m(p-)||; ^ < sup |m(p-)||; ^ = sup |u(p)||; \ 



0<p<s 0<p<t 

Moreover, since u(r—) + ^(r, 0(r)) = 'u(r), we get 



0<p<t 



\u{r-)+ar,n{r))\^^-'< sup Kr)!!-^ < sup K.)||rV 



0<r<s 



0<s<t 



Therefore, we infer that for each r G [0, s]. 



(w(r-) +^(r,7r(r))) -0(M(r-)) ^ < ki\^{r,TT{r))\E sup |m(s)||; \ 



0<s<t 



It follows that 



{u{r-) + e(r, ^(r))) - 0(^i(r-)) - 0'(^i(r-))(e(r, ^(r))) 



< 



(w(r) + e(r, 7r(r))) - .^(^(r)) + (/.'(u(r-))(e(r, ^(r))) 



< 2fci|^(r,7r(r))|£; sup |u(s)|| \ 

0<s<t 



On the other hand side, we can also find some < (5 < 1 such that 

Kr-)+e(r,7r(r)))-0Kr-))-^'Kr-))(C(r,7r(r))) = i|e(r, 7r(r))|||(/)"Kr-) + ^^(r, ^(r)))| 



A similar argument as above, we obtain 



4r-)+C(r,4r)))-0Kr-))-0'Kr-))(e(r,^(r))) < ^|e(r, 7r(r))|| sup Ks)||-^ 



Summing up, we have 



{u{r-) + e(r, TT{r))) - c^{u{r-)) - 0'(u(r-))(e(r, 7r(r))) 



(2-p) + (p-l) 



B 



9-1 



< 2fci|^(r,7r(r))|£; sup |m(s)|^ 

V 0<s<t 

<i^|e(r,^(r))|| sup |K(.)||-^ 

0<s<t 



2-p 



■^|e(r,^(r))|| sup |«(.)||r 

Z 0<s<t 



p-1 
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where K = (2fci)2-P(fci/2)P-i. 
Hence, 



E \c^{u{r-)+^{r,n{r)))-ct>{u{r-))-<i>'{u{r-)){i{r,TT{r))) 

re(0,t]nX'(7r) 



<if2upJu(s)|rP ^ IC(^,vr(r)) 

re(0,t]nX'(7r) 



0<s<t 



ir sup |u(s)||r^ /' / ie(r,z)|| N{dr,dz), 

Q<s<t Jo Jz 



which also shows that the integral J(j J^ (f>{u{s—)+^{s,z)) — (f){u{s—)) — 4''{u{s—)){^{s,z)) N{ds,dz) 
is well defined since ^ e 7Wp([0,T] xQx Z,V,\xFx i^]V{A)). Therefore, we infer 



JZ 



L{r-) + e(r, z)) - cj,{u{r-)) - cj,' (uir-Mir, z)) N{dr, dz) 



<K sup |u(s)||r'' r / nr,z% N{dr,dz). 

0<s<t Jo Jz 



Hence, we get the following estimate for /2(t) 



hit) < K sup |«(5)||-P / / |C(r,^)|| iV(dr,dz), t G [0,T], 



JZ 



where the constant K only depends on fci, A:2, P and g. Now applying Holder's and Young's 
inequalities to Ii{t) yields 



h{t) < kiC 

< kiC 

= kiC 

< kiC 



e(^supJ«(s)||-i)'-J ' U(^jJ^\a-%z)\^^N{ds,dz)y 



E sup |u(s)||; 

0<s<i 



E sup |u(s)||; e 

0<s<t 



^^ I J ie(s,z)|PiV(ds,dz) 



E 



Jz 



\as,z)\P,Nids,dz)] (-) 






^ — i £ E sup |u(s)|t + ^-^E ( / / \^(s,z)\l,N(ds,dz) 
q o<s<t et-^q \Jo Jz 



= kiC- ^eE sup |u(s)||; + fciC^3-E( / / \£,{s,z%N{ds,dz) 



Q. 0<s<t 



e'i-^q 



Jz 
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In the same manner for the integral /2(t) we can see that 

hit) = KE sup |u(s)||rP / / \^{s,z)fj^N{ds,dz) 

0<s<t Jo J Z 

q — p / , 

< k(esup Hs)]^;^'"^^-] \^( f [ Us,z%N{ds,dz) 

\ Q<s<t J y \Jo Jz 

< K (e ^snpju{s)\l\ ' IeH Jja'^,z)\P,N{d.s,dz)y\ 



Q-p / , 4. ■. a , s. g~p ^ 



= KiE^snpJuis)\%e] ' IeU' J \as,z)\EN{ds,dz)\ Q") ' J 

< K^^—^eE sup \u{s)\1. + K-^^e( I [ \^{s,z)\EN{ds,dz)] 

where we used Holder's inequality in the first and fourth inequalities and Young's inequality in the 
third inequality. 
It then follows that 

E sup |m(s)|| < fciC^^^ eE sup |u(s)|| + /fciC^--E ( / / |^(s, z)|P iV(ds,dz) ) 
o<s<t 9 o<s<t e'^ q \Jo Jz ) 

+^^— ^eE sup \u{s)\1 + K^^^e( f f \^{s,z)\EN{ds,dz) 

q o<s<t q e~^ \Jo Jz 



kiC- + K^^—^]eE sup \u{s)\l 

q q J o<s<t 



+ (k^C-^ + K^^)e ( f f \^{s, z)f^Nids, dz) 
^ £^ q q £ g ^ \Jo Jz 



£ 1 

Now we can choose a suitable number e such that 

kiC h K K == o- 

q q J ^ 

Consequently, there exists C which is independent of A such that 

(4.8) E sup |u(s)||; < CE f / f \^{s,z)\Pj^N{ds,dz)] . 

0<s<t \Jo Jz J 

Case II. Suppose ( G yWP([0, T] x fl x Z,V,X x F x iy;E). Set R{n, A) = (nl - A)-\ n e N. 
Then we put ^"(i,w) — nR{n,A)^{t,uj) on [0,T] x 51. Since A is the infinitesimal generator of 
the Cg-semigroup S{t), t > of contractions, by the Hille-Yosida Theorem, ||i?(n, A)|| < - and 
^"{t,uj) e X»(A), for every {t,Lu) e [0,T] x n. Moreover, C"(i,w) -> ^{t,uj) pointwise on [0,T] x O. 
Also, we observe that |^" — C| = \nR{n,A)(^ ^ CI ^ 2|C|. Therefore, it follows by applying the 
Lebesgue Dominated Convergence Theorem that 

T p 

\C{t,z)-^{t,z)\Pi^{dz)dt 



JZ 
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converges to as n — > oo, P-a.s.. Since the poisson random measure A'^ is a P-a.s. positive measure 
and we have 

E / / \C{t, z) - ^{t, z)\PN{dt, dz)^E f f \Cit, z) - C(t, z)\Pi^{dz)dt, 
Jo Jz Jo J z 

we infer 

/ \Cit,z)-^{t,z)\PN{dt,dz) ^0, as n -> cx) P-a.s.. 

Jo Jz 

One can also easily show that ^" e Mp{[0, T] x n x Z,V,X xP x u; V{A)). 
Define, for each n G N, a process w" by 

M"(i)= / S{t-s)C{s,z)N{ds,dz), te[0,T]. 
Jo 

As we have already noted in case 1, function u„(i) can also be formulated in a way of strong solutions 
so that Un{t) is cadlag for each ti G N. By the discussion in case 1, for each n G N, u"(i), < i < T 
satisfies the following 

E sup |u"(t)|« <CE( / f \C{s,z)\P,N{ds,dz)Y . 
o<t<T \Jq Jz J 

On the other hand, since by Theorem 12.71 we have 

E|u"(t) - u(t)|^ = E|w"(t) - u{t)fj^ 



= E 



(S{t - s)C{s, z) - S{t - s)£,{s, z)']N{ds, dz) 



/o Jz 

<CpE f f \C{s,z)-as,z)\P,,{dz)ds, 
Jo Jz 

we infer that u"(t) converges to u{t) in LP{il.) for every t G [0,r]. Moreover, from case 1, we know 
that 

E sup |u"(s)-u"(s)||; <CEf / [ \C{s,z)-C{s,z%N{ds,dz) 

0<s<t \Jo Jz 

From above discussion, we know that the right hand-side of above inequality converges to as 
n,m ^ oo. In this case, it is possible to construct a sequence {n-fc}^i of {n}^^^ for which the 
following is satisfied 

E sup |w"'=+i(s)-u"''(s)|*< — i— . 

0<s<T k'"l+'' 

Hence, on the basis of Chebyshev inequality, we obtain 

sup |m"'=+i(s)-u"''(s)| > -^l <fc29E sup |u"'=+ns)-u"Hs)l'^ < i- 

0<s<T k J 0<s<T k 

Then the series X]fc°=i 'P {s^Po<s<t l^"'''^^(*) — m"'°(s)| > ■^} will converges. It follows from the 
Borel-Cantelli Lemma that with probability 1 there exists an integer beyond which the inequality 

sup |u"''+i(s) -w"^(s)| < — 

0<s<T K 

holds. Consequently, the series of cadlag functions 

oo 

^[ii"''+i(s)-w"''(s)] 

fc=l 
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converges uniformly on [0,r] with probability 1 to a cadlag function which we shall define by 
u = (w(i))tg[o.T]- Moreover, we have 



E sup |M"(t) - u(i)|^ -^ 0, as n ^ oo. 

0<t<T 



Therefore, by the Minkowski Inequality we have 



E sup |u(s)|« 

0<s<t 



< 



< 



; sup |m(s)-u"(s)|« 

Q<s<t 



E sup |m(s)-u"(s)|« 

0<s<t 



; sup |u"(s)|« 

0<s<t 



CE{ I \C{s,z)\lN{ds,dz) 

Jz 



Note that the constant C on the right hand side of above inequality does not depend on operator 
A. So the constant C remains the same for every n. It follows by letting ti — > cx) in above inequality 
that 



E sup |m(s)|«<CE / / |e(s,z)||iV(ds,dz) 

0<s<t V"'0 Jz 



Also, we have for every i £ [0,r], by Minkowski inequality that 



{E\u{t) - u{t)\P,)^ < {E\u{t) - i.„(t)|P )^ + {E\u{t) - w„(i)||)5^ 

< {E\u{t) - u„(i)||) ' + (IE|M(t) - UrMl)^ 

< (e sup \u{t) - u„(t)|| ) ' + iE\u{t) - UrMs)^ ■ 

V 0<t<T / 

Letting n — 5- oo, it follows that u{t) = u{t) in LP(J7) for any t G [0,T]. This shows the inequality 
(j4.2[) for q' = q. The case q' > q follows from the fact that if the M-type p Banach space E satisfies 
Assumption 14.11 for some q, then Condition 1 is also satisfied with q' > q. 

n 



The following result could be derived immediately from the proof of above theorem. 

Corollary 4.1. Let Let E be a M-type p Banach space, 1 < p < 2 satisfying Assumption \4- 1\ Then 
the stochastic convolution process u has cadlag modification. 

Corollary 4.2. Let E he a M-type p Banach space, 1 < p < 2. There exists a cadlag modification 
u of u such that for some constant C and every stopping time r > and t > 0, 



(4.9) 



E sup \uis)\l<C 



0<S<t/\T 



\^{s,z)\P,Nids,dz) 
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Proof. Let us first consider the case when ^ e Mp{[0,T] xil x Z,V,XxP x iy;'D{A)). A similar 
argument as in Theorem 14.41 gives the following 

(/)(u(i))= / q)'iuis)){Au{s))ds+ [ [ q^'iuis-))i^is,z))N{ds,dz) 
Jo Jo Jz 

f UKs-)+e(.s,z))-0(w(s-)-0'Ks-))(^(s,z))liV(ds,dz) 
a Jz '- ^ 

< I I ct>'{u{s~)ms,z))N{ds,dz) 
h Jz 

{u{s-)+^{s,z))-<f){u{s-)-(f>'{u{s-)){^{s,z)) N{ds,dz) P-a.s. 



Jz 



It follows that 



E sup (^(m(s)) = E sup |u(sAr)||, 



0<s<tAr 



0<S<tAT 

< E sup 

0<s<tAT Jo 



- E sup 

0<s</\T Jo 



4)' {u{r-)){^{r, z))N [dr.dz) 
z 

s/\r 



= E sup 

o<s<t/\T Ja Jz 

+ E sup 



u(r-) + £_{r, z)) - (f>{u{r~) ~ (f>' {u{r-)){^{r, z)) N{dr, dz) 
^o.r]{^)c^'{u{r^m(r,z))N(dr,dz) 

1(0,.] (r) c^{u{r-)+£,{r,z))-c^{u{r-)-c^'{u{r-m{r,z)) N{ds,dz) 



0<s<tr\T Jo Jz 
= h + h- 

Now we consider integral 12- By the definition of Lebesgue-Stieltges inegral, we have 

r f cj){u{r~) + e(r, z)) - 0(«(r-) - 0'(«(r-))(e(r, z)) l(o.,](r)iV(dr, dz) 
Jo Jz E 

= ^ \4>{u{r-)+i{r,i{r)))~cj,{u{r-)-4'{u{r-)){i{r,i{r)))\^^^^,}{r), 

0<r<s 

Notice that the function ((){■) = | • j"? is of class C^ . Applying Taylor formula to function cj) we get 
for some < 6*, 5 < 1, 

Kr-)+^(r,7r(r)))-0Kr-))|^l(o,,](r) 

<\i{r,Ti{r))\E\<i>'{u{r-) + eS,{r,n{r)))\\o^^^{r), 
Kr-)+e(r,7r(r))) -<^Kr-) -<^'Kr-))(e(r,7r(r))) l(o,,](r) 

E 

<\nrMr))\l\^"{n{r-))+6i{rMr))\Mo,r]{r) 



Moreover we know that \4i' {x)\nE) "^ ki\x\'^^ , so we obtain 



-J-ii 



(t^\u{r~)+ei{r,TT{r))) l(o..](r) < fci|u(r-) + ^^(r, 7r(r))|^ l(o,,](r) 



< 



fcimax{|u(r-)|| l(o,.](r), |M(r-) + ^(r,7r(r))|^ l(o,.](r)}. 



Observe that 



ig-ii 



l'"(''-)ll; lio.r]!?-) < sup |u(r-)||; l(o,r](?') < sup \u{s-)\% = sup |u(s)||; , 

0<r<s 0<s<tAT 0<s<tAT 
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and 



|9-ll 



19-1 



\u{r-)+^{r,TT{r))\% l(o,r]W < sup |u(r)|| l(o,r]W < sup \u{s)\% , 

0<r<s 0<s<tAT 

where q > 2. Therefore, we infer 

Kr-)+^(r,^(r)))-0(w(r-)) l(o,,](r) < |^(r, ^(r))|Bl(o,,](r) 0'(w(r-) + 0e('^, 7r(r))) 

E 

<ki\^{r,TT{r))\El(o,T]{r) sup |'u(s)||~\ 



C{E) 



Similarly, from the assumption |0"(x)| < fc2|x||; we obtain 



0<S<tAT 



19-2-, 



\q^"iuir~))+Sar,TTir))\Elio.r]{r)<k2 sup |u(s)||r^l(o,,](r). 

0<S<tAT 

It then follows that 
E \^H^-) + e(r,e(r))) - Huir-) - 0'Kr-))(C(r,C(r)))|^l(o..](r) 

0<r<s 



(2-p) + (p-l) 



l(0,r]W 



= ^ |<^(^,(r-)+e(r,C(r)))-^Kr-)-^'Kr-))(C(r,C(r))) 

0<r<s 

< (2fci|^(r,7r(r))|ij sup |w(s)||;"H(o,^](r) ) ( fc2|^(r, 7r(r))p sup |u(s)||r^l(o,^](r) 

V 0<s<tAr / V 0<s<tAT 

= i^ sup |«(.)||r^ ^ l^(r-,^(r))|^l(o,.](r). 



p-i 



0<s<tAr 



Q<r<s 



Therefore, 



Jz 



(u(r-) + e(r, z)) - 0(«(r-)) - 0'(«(r-))(e(r, z)) l(o,,] (r)7V(dr, dz) 



<i^ sup |w(s)||-P r / |^(r,z)|^l(o,,](r) N{dr,dz). 

0<s<iAr Jo Jz 

Hence, for integral I2, we can estimate as follows 

l2<KE sup \u{s)\'^-P f f \ar,z)\P,l(o.r]ir)N{dr,dz). 

0<s<tA,T Jo Jz 

For integral /i, applying the stopped Davis' inequality yields the following 



Ii<CE{ I J^ \cj,'{u{r-m{r,z))\P,l^o,r]{r)N{dr,dz) 



<kiCE sup |u(s)||rM / \^{r,z)\P^N{ds,dz) 

0<s<tAr \J0 Jz 

The rest argument goes without any difference with the proof of Theorem 14.41 



D 



Theorem 4.5. Let E he an M-type p Banach space, \ < p < 2, satisfying Assumption \4. 1\ Then 
there exists a constant C such that for every process u there exists a cadlag modification u of u such 
that for all < t < T and < q' < cxd, 



(4.10) 



E sup \u{s)\%<CE[ / / \Cis,z)\P;N{ds,dz) 

0<s<t \Jo Jz 
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Proof. The inequality (|4.10l) has already been shown for q' > q in Theorem 14.41 Now we are in a 
position to show it for Q < q' < p. Let us fix q' such that Q < q' < q. Take A > 0. Define a stopping 
time 



r := inf <^ t 



JZ 



\Cis,z)\P,N{ds,dz)] >A 



Since the process L /^ \(,{s,z)\^N{ds,dz), < t < T is right continuous, the random time r is 
indeed a J^t+-stopping time. Moreover, we find that /^ J^ \^{s,z)f^N{ds,dz) < A, for < t < t, 
and /„ J^ |^(s, z)\^N{ds, dz) > A when r < oo. Also, we observe that for every < t < T, 



(4.11) 



E / / f{s,z)N{ds,dz) =E 



JZ 







f{s,z)N{ds,dz). 



This equality can be verified first for step functions, then for every function / in ^ G A^^([0,r] x 
n X Z,V,\xP X iy;E) we can approximate it by step functions in M^f^pdO, T] x fl x Z; E), so the 
equality (|4lT|) holds for every / £ ^ £ Mp{[0,T] x il x Z,r,X x P x iy;E). Therefore, by using 
Chebyshev's inequaliy and Corollarv l4.2l to Theorem 14.41 we obtain 



sup \u{s)\ > A < — E sup |u(s)|« 

0<S<t/\T J A"? 0<S<tAT 



<-E 
~ A"? 



A"? 



t/\T 



JZ 

(Mt)- 



(4.12) 



< 



1^1 

XI 



\^{s,z)\PN{ds,dz) 

^jas,z)\PN{ds,dz)\ 

- 

f \£,{s,z)\PN{ds,dz))'' AA« 
JZ J 



On the other hand, since {supQ<g<;j |u(s)| > A,r > t} C {supg^g^^^^ |w(s)| > A}, we have 



(4.13) P( sup |u(s)| > A) =P( sup |u(s)| > A,r >i)+P( sup |u(s)| > A,t < i) 

0<s<t 0<s<t 0<s<t 

< P( sup \u{s)\ > A, r > i) + P(t < t) 

0<s<t 

<P( sup |u(s)| > A)+P(r <f). 

0<S<t/\T 



Substituting (|4.12p into (|4.13p results in 



P(sup |u(s)|>A)<-^E 

0<s<t ^^ 



Jz 

t 



\C{s,z)\PN{ds,dz)\ AA« 
\^{s,z)\PN{ds,dz)y > A 



Jz 
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Integrating both sides of the last inequahty with respect to measure g'A"^ ^^dX and applying the 
equality E\X\i' = J^ q'\i-^P{\X\ > \)dX, see [S], we infer that 



E sup |u(s)|« 

0<s<t 



P( sup \u{s)\ > X)q'X'^'-^dX 

0<s<t 



< 



XI 



\^{s,z)\PN{ds,dz)] AA« 



Jz 



q'X'i'-^dX 



(4.14) 



\£,{s,z)\PN(ds,dz)] >X 



JZ 



q 



'A" -^A 






E 



\^{s,z)\PN{ds,dz)] AA« 



Jz 

^^ I f \^{s,z)\PN{ds,dz) 



q'X'i'-^dX 



Let us denote ( L /^ \i{s,z)\PN{ds^dz)\ " by X. The first term on the right hand side of (|4.14p 
becomes 



C_ 
'Xfl 



\S,[s,z)\PN{ds,dz)\ AA« 
a Jz J 

/•OO 

C EiX" AX'')q'X'''-'^-^dX 



q'Xl'-^dX 



CE / (X« A A«)(7'A'?'-«-idA 



X 



CE X'^q'X'i'-'^-^dX + CE \X\'^q'X'^'-'^-^dX 



X 



/•oo 

= CEX'^' + CEX'^ / q'X'i'-'^-^dX 
Jx 



C(l + — i— ^)EX'3 



Cq „^, 



q-q' 
Cq 



q-q' 

EX'i 



E 



q-q' \Jo Jz 



\^{s,z)\PN{ds,dz) 



Therefore, we conclude that 



E sup |m(s)|« < 



Cq 



■E 



0<s<t 



q-q \Ja Jz 



C{s,z)\PN{ds,dz)] +E / / \^{s,z)\PN{ds,dz) 



Jz 



Cq 



E 



q-q' J \Jo Jz 



Us,z)\PN{ds,dz) 



which completes the proof. 
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Corollary 4.3. Let E he an M-type p Banach space, 1 < p < 2 satisfying Assunription \4.l\ Then 
there exists an E-valued cddlag modification u of u such that for some constant C > Q, independent 
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of u, and all t G [0, T] and < q' < p, 

(4.15) E sup |u(s)|| < C E ( / [ \i{s,z%v{dz)ds 

0<s<t \Jq Jz 



Proof of Corollary \4-S\ First, we consider the case q' — p. Since ^ e M^{[0,T] x Q x Z,V,X x 
P X i^;E), so both integrals Jg /^ \£_{s,z)f^i'{dz)ds and Jg /^ \^{s,z)f^N{ds,dz) are well defined as 
Lebesgue-Stieltjes integrals. We can obtain from Theorem 14.51 with q' — p that 

E sup |w(s)||<Ce( / / \e,{s,z)\^j^N{ds,dz) 

0<s<t \Jo Jz 

= Ce( /" f \^{s, z)\P^iy{dz)ds 

This shows (|4.15l) for q' = p. Now we are in a position to show Inequality (|4.15p for < q' < p. Let 
q' be fixed. Take A > 0. Define stopping time 

T = inf{ie [0,r] : ( / / \^{s,z)\P:^{dz)dsy > X}. 

The random variable r is a stopping time. Indeed the process L J„ |^(s, z)\Ph'(dz) ds, < t < T is 
a continuous process and so the claim follows immediately. It follows from Chebyshev's inequaliy 
and Corollary 14. 21 that 

(4.16) P ( sup \u{s)\ >x)= El{,„p„,^^^^^ |„(,)|>A} 

\Q<s<tAT J - 

<^E sup |u(s)|« 



A" v./o JZ 



<-E \as,z)\Pi.{dz)ds 



- A9 



/ \C{s,z)\Pv{dz)ds] AA« 
Jz 



where we used the definition of stopping time r and the increasing property of process /„ J„ |^(s, z)\Pi'{dz) ds, 
< t < T. The rest of the proof can be done exactly in the same manner as in the proof of Theorem 
1431 D 



Corollary 4.4. Let E be an M-type p Banach space, 1 < p < 2 satisfying Assumption \4-. 1\ Then 
for any n E N there exists a constant C — C{n) such that for every every ^ € flfe^i -^^ (P'-^] ^ 
nx Z,V,XxFxv;E) and t e [0, T] we have 



E sup \u{s)f; <C Ve^ / / 

0<s<i j,^^ \Jo Jz 



(4.17) E sup |u(s)|| <C >JE( / / \^{s,z)\Pj^iy{dz)ds 

1 Jz 

where u is the cddlag modification of u as before. 

The proof of Corollary 14.41 is similar to the proof Lemma 5.2 in Bass and Cranston [2] or of 
Lemma 4.1 in Protter and Talay [16]. Essential ingredients of that proof are the following two 
results. The first of them being about integration of real valued processes. 
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Lemma 4.6. Let E be an M-type p Banach space, I < p < 2, satisfying Assumption \4. 1\ For any 
< q' < oo, there exists a constant C such that for all ^ G A^^([0, T] x Q. x Z,V,\ 'kV x v;E) we 
have 

(4.18) E sup ( / S,{r,z)N[dr,dz)\ <Ce( [ \£,{s,z)\P,N{ds,dz))'' , te[0,T]. 

0<s<t \Jo ) E \Jo J 

Proof of Lemma \4-6\ This result is a special case of Theorem 14.51 when S{t) ^ I, < t < T. D 
Lemma 4.7. For any n G N there exists a constant Dn > such for any process 

n 

/ G Pi Mp" ([0, T]xnx Z,V,XxFxu;R) 
fe=i 

and i G [0, T], the following inequality 

(4.19) E sup ( f f f{r,z)N{dr,dz)] < D^Y^^ ( [ I \f{s,z)fv{dz)ds 

0<s<t \Jo Jz J j,_i \Jo J z 



k=l 



holds. 



Proof of Lemma \J77\ We shall show this Lemma by induction. The case n — 1. This follows from 
[3]. Now we assume that the assertion in the Claim is true for n — 1, where n G N and n > 2. We 
will show that it is true for n. Since by assumption / G A^^([0, T] xflx Z,V,\xP x iy;R), so both 
integrals J^ J^ |/(s, z)\PN{ds,dz) and /^ /^ |/(s, z)\Pi^{dz)ds are well defined as Lebesgue-Stieltjes 
integrals. Moreover, we have 



(4.20) 



\f{s,z)\PN{ds,dz) 



' \f{s,z)\PN{ds,dz)- [ I \f{s,z)\P,,{dz)ds. 



/o Jz Jo Jz Jo Jz 

Hence by applying first inequality (J4.18I) and next the equality (j4.20p we infer that 



E sup 

0<s<t 



< 2P 



f{r, z)N{dr, dz) 



Jz 



<CE 



\f{s,z)\PN{ds,dz) 



Jz 
"''ch,(f f \f{s,z)\P N{ds,dz)] +^(f I \f{s,z)\P v{dz)ds\ }. 



Next, by the inductive assumption applied to the real valued process \f\P G {~Xk=i -^^ d*^' T]xVlx 
Z,V,\x¥ xvM),we have 



E 



f{s,z)N{ds,dz) 



Jz 



< 



< 



''1- r't r r)" 

^"E^(y J \f{s,z)f 'y{dz)ds) 



f{s,z)\P' v{dz)ds 



E( / / \f{s,z)\Pv{dz)ds 



This proves the validity of the assertion in the Lemma for n what completes the whole proof. D 
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Proof of Corollary \4.4\ Let us take rt G N. By applying first Theorem 14.51 and next the equality 
(|i:^ when £, e Mp{[0, T] x n x Z,P,X x P x i'; E), we infer that for ah t e [0, T], 



E sup |u(s)|^" < CE[ [ [ \^{s,z)\%N{ds,dz)] 

0<s<t \Jo Jz J 



< 2P- CE{ 1^ Jjas,z)\%N{ds,dz) 



p 



-2P"-'CEn jjas,z)\li,{dz)d, 



< 2P''~' C Dn-iY,^ ( f j Us,z)\i^\{dz)ds 



'z 



+2P" ' CE il f |C(s,z)|P i/(dz)ds 

< C{n)Y,E(^j^ j^\as,z)\iv{dz)ds^ 

where we used in the third inequality Lemma 14.61 with / replaced by real-valued process |^|^ G 
flfcli X^' ([0, T]xnx Z,V,\xTxvM). This completes the proof of Corollary SH D 
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